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Abstract 
 
A three-dimensional dynamic interaction model is developed for a LIM (linear induction motor) train and elevated 

bridge system, which is composed of a LIM-driven vehicle submodel and a finite element bridge submodel. Each LIM 
vehicle is modeled by a 27 degrees-of-freedom dynamic system. The expressions for the electromagnetic force be-
tween the linear motor and the reaction plate are derived, and the force model is established. By applying a modal su-
perposition technique to the bridge submodel and using the measured track irregularities as the self-excitations of the 
train-bridge system, the equations of motion are established for analyzing the dynamic responses of the LIM vehicle 
and the elevated bridge. The proposed framework is applied to a 3-span elevated bridge with 29.9 m simply-supported 
girders. The full histories of the LIM train traversing the bridge are simulated, from which the dynamic responses of the 
LIM vehicle and elevated bridge system are obtained. The proposed method may help to find a way to assess the dy-
namic properties of elevated bridges and the running safety of a LIM train with reasonable computational effort.   
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1. Introduction 

Reliable public transport infrastructure is vital to 
the development of communities. The linear induc-
tion motor (LIM or linear motor for short) system, as 
a new type of urban transit medium [1], offers an 
array of advanced new features and capabilities. Since 
the opening of the first LIM line in Canada in 1985, 
there have been 13 lines completed in 6 countries, 
with the total length of 320 km. LIM lines are cur-
rently under construction in a number of countries. 
For example, in China, the Beijing Airport Line with 
a total length of 28.1 km over elevated bridges of 
15.75 km length (Fig. 1), and the Guangzhou Metro 
Line 4 with a total length of 69.67 km over elevated 
bridges of 48.26 km length have used the LIM system 

(Fig. 2). 
The LIM is driven by a non-adhesion wheel/rail 

system that does not rely on the friction between the 
wheels and rails to haul the train [1, 2]. It has advan-
tages in route planning, as LIM trains can easily ne-
gotiate steep slopes and sharp curves, thereby reduc-
ing the construction costs by requiring smaller route 
clearances and tunnel cross sections.  

The dynamic properties of the LIM system have 
been studied since 1970’s. Several trial LIM lines  

 

 
 
Fig. 1. The LIM elevated bridge of Beijing airport line. 
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Fig. 2. The LIM elevated bridge of metro line 4. 

 
have been established in Japan, Canada, the United 
States and other countries for theoretical and experi-
mental investigations. Parker [3], Rumsey [4], Tera-
oka [1] and Matsumaru [2] investigated the develop-
ment of the LIM system for urban rail transit. Fortin 
[5] developed a computer simulation method to study 
the wheel/rail contact relations and the dynamic 
properties of a LIM bogie on a curved track. Fatemi 
[6] carried out a dynamic analysis on a LIM track 
structure with steel sleepers and reaction plate, and 
investigated variations of the magnetic gap and distri-
bution of motor loads acting on the track, while 
Hobbs [7] performed a preliminary analysis on the 
dynamic response and running stability of LIM vehi-
cles In China, the research of LIM systems started in 
this century, with the planning and the construction of 
the Guangzhou Metro Line 4 and the Beijing Airport 
Line. Pang [8] performed a three-dimensional analy-
sis of the linear motor application on a rail-bound 
vehicle, while Wang [9] established an integral sys-
tem model for a LIM track on elevated bridges, and 
analyzed the force and deformation characteristics of 
the system. Liao and Gao [10] developed a coupled 
model of a LIM vehicle and slab track system to 
study the dynamic characteristics of the system under 
determinate track irregularities. Feng and Wei [11] 
formulated a spatial dynamic interaction model of a 
LIM system, and analyzed the dynamic responses of a 
LIM vehicle and track. Chen and Guo [12] performed 
a preliminary analysis of the dynamic interaction 
between the LIM train and elevated bridges, and stud-
ied the influence of the train speed, bridge span and 
pier height on the dynamic response of the bridges.  

The dynamic response of railway bridges subjected 
to moving trainloads is one of the most important 
engineering problems in bridge design and mainte-
nance. Fundamental theories for bridge structures 
under moving trains have been reported by a number 
of researchers, including Frýba [13], Yang and Yau 
[14], Ju and Lin [15], Fafard et al. [16], and Xia [17] 

among others. Problems concerning multi-span 
bridges under moving trains have been considered by 
Cheung et al. [18], Matsuura [19], Klasztorny [20], 
Xia et al. [21], and De Roeck and Maeck [22]. On the 
basis of these studies, the vertical and lateral dynamic 
responses of bridge structures, and the safety and 
stability of train vehicles during transit, have been 
studied and many useful results have been obtained 
and reported. 

As a new type of urban transportation medium, the 
LIM elevated transit system has distinct dynamic 
characteristics. The passage of the LIM trains through 
an elevated railway bridge will induce vibration of the 
bridge structure, and the vibration of the structure 
may in turn affect the stability and safety of the mov-
ing trains. Therefore, an understanding of the dy-
namic interaction between LIM trains and elevated 
bridges is essential for a successful design of the LIM 
train and elevated bridge system.  

In this paper, a three-dimensional dynamic interac-
tion model is developed for a LIM train and elevated 
bridge system, based on the authors’ previous work 
[17, 21]. Each 2-bogie 4-axle LIM vehicle is modeled 
as a 27-DOF dynamic system. The expressions for the 
vertical electromagnetic forces generated between the 
linear motor and the reaction plate are derived, and a 
force model for analyzing the vibrations of the LIM 
vehicle and bridge is formulated. By applying a mo-
dal superposition technique to the bridge submodel 
and using the measured track irregularities as the self-
excitations for the train-bridge system, equations of 
motion are established and a computer code for ana-
lyzing the dynamic responses of the elevated bridge 
and the LIM vehicle is developed. The proposed 
framework is then applied to a real 3-span elevated 
bridge with 29.9 m simply-supported girders. The full 
histories of the LIM train traversing the bridge are 
simulated by computer, from which the dynamic re-
sponses of the LIM vehicle and the elevated bridge 
are obtained and discussed.  

 
2. Dynamic analysis model of LIM vehicle-

bridge system 

2.1 LIM vehicle model 

2.1.1 Electromagnetic forces in LIM system 
When a LIM train moves along a bridge, the train 

vehicles, bridge girders, piers and their foundations 
form a complex dynamic interaction system, as 
shown in Fig. 3. The dynamic analysis model of such 
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a system is composed of the train submodel, the 
bridge submodel, the magnetic force model and an 
assumed wheel-track relationship. 

In a linear-motor-driven vehicle, the weight of the 
vehicle is supported by its wheels, while the propul-
sion and control are provided by electromagnetic 
forces. Unlike a conventional rotary motor, the linear 
motor produces traction and brake forces through 
linear motion rather than rotary motion. Theoretically, 
a linear induction motor can be thought of as a rotary 
motor with an infinite radius. As shown in Fig. 4, a 
magnetic field (shifting magnetic field) is generated 
by an alternating current passing to the primary coil 
(stator in rotary motor) that is mounted on each bogie 
frame of the cars. At the same time, a magnetic field 
is also generated in the secondary conductor (reaction 
plate, rotor in rotary motor), which is fixed to the 
sleepers along the rail.  

In a LIM vehicle, there are two bogies, and each 
bogie is equipped with a linear motor. The distinct 
feature of a LIM vehicle is that it is not driven by the 
adhesion forces between the rail and wheel, with elec-
tromagnetic forces between the motor and reaction 
plate, namely, between the primary coil and secon-
dary conductor. These forces are influenced by the 
magnetic gap between the linear motor on the vehicle 
bogie and the reaction plate on the track. Owing to 
track irregularities, the gap will inevitably vary 

through the entire traversal of a LIM train. The vary-
ing gap may induce a change of magnetic forces act-
ing on the bogie frame and lead it to vibrate. When a 
LIM train moves along a viaduct bridge, the magnetic 
gap may vary with the vibration of the vehicle and 
with the deflections of the bridge, which also leads to 
varying magnetic forces. The varying magnetic forces 
may in turn influence the vibration of the bridge and 
the vehicle, which further changes the magnitude of 
the magnetic gap. The relationships between the dy-
namic responses of bridge and vehicles, track irregu-
larities, magnetic gaps and forces are quite compli-
cated. When a LIM train moves on the bridge, the 
train and the bridge interact and affect each other, and 
this makes the determination of the magnetic forces 
and the analysis of the dynamic responses of train-
bridge system complex. 

The electromagnetic force between the LIM motor 
and the reaction plate has two components: the longi-
tudinal component that pulls the vehicle to move for-
ward, and the vertical attraction component. In vehi-
cle-bridge system dynamics, the longitudinal vibra-
tion is generally neglected; thus only the vertical 
magnetic forces need to be considered in this analysis. 
The electromagnetic force is a function of the 
magnetic gap, the vertical distance between the motor 
and the reaction plate. 

According to the data provided by the Japanese 

V

 
 
Fig. 3. Dynamic analysis model of train-bridge system. 
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Fig. 4. Working principle of LIM vehicle. 
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Subway Society, the relationship between the vertical 
electromagnetic force and the magnetic gap can be 
described as [23] 

 
[ ( , )]f Z ξ η  

20.3408 ( , ) 9.5308 ( , ) 150.02Z Zξ η ξ η= − +    (1) 
 
where [ ( , )]f Z ξ η  is the vertical electromagnetic force 
density (kN/m2), Z(ξ, η) is the magnetic gap (mm), 
and the coordinate system ξ, η is shown in Fig. 5. 

The relationship between the linear motor and the 
reaction plate at any spatial position is illustrated in 
Fig. 5. Since the reaction plate is directly mounted on 
the girder, the vertical displacement of the plate at any 
position on the girder can be determined by the verti-
cal deflection Zb(x) and rotational angle θb(x) of the 
girder, while the vertical displacement of a vehicle 
bogie at any position can be described using its 
floating movement Ztij, rolling movement θtij and 
pitching movement ϕtij. Thus the vertical distance 
Z(x,y) between the linear motor and the reaction plate 
at the position of the bogie can be expressed as  

 
t t t b b( , ) [ , , , ( ), ( )]ij ij ijZ f Z Z x xξ η θ ϕ θ=  

[ ( )] tan tan[ ( )]tij b tij tij bZ Z x xξ ϕ η θ θ= − + + −   (2) 
 
Thus the vertical, rolling and pitching electro-

magnetic forces acting at the center of the jth bogie 
can be obtained from the following equations: 

 
V

M

θ
M

M

[ ( , )]d d

[ ( , )]d d

[ ( , )]d d

A

A

A

F f Z

F f Z

F f Zϕ

ξ η ξ η

η ξ η ξ η

ξ ξ η ξ η

⎧⎪⎪ =⎪⎪⎪⎪⎪⎪⎪ = ⋅⎨⎪⎪⎪⎪⎪⎪ = ⋅⎪⎪⎪⎩

∫∫
∫∫
∫∫

       (3) 

 
where A is the horizontal projection area of the linear 
motor on the reaction plate. 

 
2.1.2 LIM vehicle model 
A LIM train is composed of several LIM vehicles. 

Each vehicle is a multi degree-of-freedom vibration 
system composed of car body, bogies and wheelsets 
connected with suspension springs and dashpots as 
shown in Fig. 6.  

The following assumptions are used in the model-
ing of LIM train vehicles: 
(1) The train runs on the bridge at a constant speed so  
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Fig. 5. Relationship between the motor and the reaction plate 
in spatial positions. 

 
that the degrees-of-freedom of the train vehicles 
in the longitudinal direction are not included. 

(2) The car body, bogies and wheelsets in each vehi-
cle are regarded as rigid components, neglecting 
their elastic deformation during vibration.  

(3) The connections between a car body and its bo-
gies are represented by two linear springs and two 
viscous dashpots in either the horizontal direction 
or the vertical direction, respectively, and also the 
connections between a bogie and its wheelsets. 

(4) The ith car body is considered to have five de-
grees-of-freedom: the lateral Yci, rolling θci, yaw-
ing ψci, vertical Zci, and pitching φci movements. 
The jth bogie in the ith vehicle has also five de-
grees-of-freedom: the lateral Ytij, rolling θtij, yaw-
ing ψti, vertical Ztij, and pitching φtij movements. 
For the lth wheelset in the jth bogie of the ith ve-
hicle (ijlth wheelset for short), only three degrees 
of freedom: the lateral Ywijl, rolling θwijl and verti-
cal Z wijl movements are considered. 

(5) The linear motor used in the LIM system has a 
thin rectangular body. The vertical electro-
magnetic attraction force Fm is developed and ex-
pressed by Eqs. (1)~(3). 

 
These assumptions greatly simplify the analysis, 

but still ensure the accuracy of the analysis. 
Based on these assumptions, the idealized model 

for a LIM car with 2 bogies and 4 wheelsets can be 
described by 27 DOFs, as shown in Fig. 6 and so the 
equations of motion for the ith vehicle and its two 
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bogies can be expressed as 
 

1 2
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     (4) 

where i = 1, 2,…, Nv, and Nv is the number of vehi-
cles on the bridge; the superscripts c, t1 and t2 repre-
sent the car body, and the front and rear bogies of the 
vehicle, respectively; M, K and C are the mass, stiff-
ness and damping matrices, respectively; iv , iv  
and iv  are the displacement, velocity and 
acceleration vectors of the ith vehicle, respectively. 

The force vector from the wheelsets acting on the 
jth bogie of the ith vehicle can be written as 
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Fig. 6. Dynamic model of linear metro car. 
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∑  

   (5) 
 
where Nwi is the number of wheelsets in the jth bogie 
of the ith vehicle; Ys(xijl), Zs(xijl), andθs(xijl) are the 
lateral, vertical, and rotational track irregularities at 
the position of the ijlth wheelset , respectively, ηl is 
the sign function, ηl =1 when the lth wheelset is in the 
front bogie and ηl = -1 the lth wheelset is in the rear 
bogie; ai , bi , di and si are the longitudinal and lateral 
distances between the axes of the ith vehicle, as 
shown in Fig. 6, V

M jF , θ
M jF  and M jFϕ  are the verti-

cal, rolling and pitching electromagnetic forces of the 
jth bogie defined in Eq. (3). 
 
2.2 Wheel/bridge interface model 

This study assumes that there is no relative dis-
placement between the track and bridge deck. The 
elastic effects of the track system are also neglected.  

The bridge deck is modeled as a three-dimensional 
system using the finite element method and the 
equation of motion for the bridge deck can be 
expressed as 

 
+ + =MX CX KX F              (6) 

 
where M, C, and K are the mass, damping and stiff-
ness matrices of the bridge deck; ,X X and X are the 
acceleration, velocity and displacement vectors of the 
bridge deck, respectively; and F is the force vector, 
consisting of two parts: 
 

W M= +F F F                 (7) 
 
where FW is the vector of forces from the wheels of a 
train on the bridge deck through the track and FM is 
the vector of electromagnetic forces. The displace-
ments of an arbitrary point of the cross-section of 
bridge deck are usually described by the lateral dis-
placement Yb, vertical displacement Zb, and torsional 
displacement θb at the centroid of the cross section. 
The lateral, vertical and torsional forces of the ijlth 

wheelset corresponding to the deck displacements can 
be derived from the equilibrium conditions of the 
wheelset and the relative position of the track to the 
bridge deck cross section as  
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        (8) 
 
where mwijl and Jwijl are the mass and the mass 
moment of the ijlth wheel, respectively; g is the 
acceleration due to gravity; and 4ih and e are the 
distances shown in Fig. 6. 

That the vector of electromagnetic forces FM in-
duced by the jth bogie can be expressed as 
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      (9) 
 
where V

M jF  and θ
M jF  are the vertical and rotational 

electromagnetic forces induced by the jth vehicle 
bogie, as described in detail in Fig. 5 and Eqs. (2)-(3). 

 
2.3 Dynamic model for LIM train-bridge system 

This study is concerned with the dynamic interac-
tion between the bridge and the LIM train without 
external excitations such as wind or earthquake. The 
equation of motion for the train given by Eq. (4) and 
the equation of motion for the bridge given by Eq. (6) 
form the basic equations of motion for the coupled 
bridge-train system. However, the direct integration 
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of these equations in the time domain for the dynamic 
responses of the both bridge and train is very cumber-
some. In addition, the elastic deformations of the 
bridge are sufficient for analyzing the dynamic inter-
active responses of the train-bridge system. Therefore, 
the modal analysis method can be adopted for model-
ling the bridge subsystem. To include the effects of 
both the global deformation of the bridge and the 
local deformation of the structural elements that sup-
port the track, a sufficiently large number of modal 
shapes of the bridge deck are needed. The minimum 
number of modes can be determined by studies of the 
convergence of the effects of different mode numbers, 
or by comparisons with measured data. The modal 
shape between the deck nodes is determined using 
Lagrange interpolation from those obtained from the 
eigenvalue analysis. 

Let h ( )n
ijlxφ , θ ( )n

ijlxφ  and v ( )n
ijlxφ  denote the 

lateral, rotational and vertical components of the nth 
bridge mode at the position of the ijlth wheel, and qn 
denote the nth generalized coordinate. The 
displacement responses of the bridge deck can then be 
expressed as 
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         (10) 

 
where Nb is the number of modes. The modal 
equation of motion of the bridge deck can be obtained 
on Eq. (6) as 
 

n n n n n n nM q C q K X F+ + =         (11) 
 
where n denotes the nth mode, Mn, Cn and Kn are gen-
eralized mass, damping and stiffness matrices respec-
tively, Fn is generalized force vector.  

Deviations of the real rail from the ideal perfect rail 
are due mainly to the track irregularity, which is an 
important self-excitation in the bridge-train system in 
addition to the moving gravity load of the train. 
Measured track irregularities are assumed to be given, 
and so the relationship between displacements of the 
ijlth wheelset and movements of the bridge deck can 
be expressed as 

4( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )
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  (12) 

 
where xijl is the position of the ijlth wheelset on the 
bridge, and e the eccentric distance of the track on the 
girder.  

Substituting Eq. (12) to Eq. (8), and then to Eqs. 
(4) and (5) leads to the coupled equations of motion 
for the bridge-train system as 
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       (13) 

 
where the subscripts v and b denote vehicles and the 
bridge, respectively, M, C and K are the mass, damp-
ing and stiffness matrices, and Fv and Fb are the force 
vectors acting on the vehicles and the bridge, respec-
tively. Details of the mass, damping, stiffness matri-
ces and displacement vector are the same as those in a 
train-bridge system developed by authors elsewhere 
[17, 21]. 

The force vector Fv acting on the vehicles can be 
expressed as 

 
T

v v1 v 2 v[ ]
vN=F F F F      (14) 

 

where 1 2
Tt t

v v v0i i i
⎡ ⎤= ⎢ ⎥⎣ ⎦F F F , (i=1, 2,…, Nv), is the 

force vector of the ith vehicle, which is found by Eqs. 
(4) and (5), and Nv is the number of vehicles travers-
ing on the bridge.  

The modal force vector of the bridge Fb can be 
written as 
 

1 2 T
b [ ]Nq

b b bF F F=F         (15) 
 
where Nq denotes the mode number used in the analy-
sis, and b

nF  (n=1,2,…, Nq) is the generalized force 
of the nth mode as 
 

n n n
b bW bMF F F= +               (16) 

 
and b W

nF  is the generalized force transmitted from 
all the vehicle wheels to the bridge and given by 
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(17) 
 
where Fhijl, Fvijl and Fθijl are, respectively, the lateral, 
vertical and torsional forces of the ijlth wheelset given 
in Eq. (8); and b W

nF  is the generalized magnetic 
force from all bogies and is expressed as 

 

{ }
v 2

V V θ
b M v M M M

1 1

( ) ( )[ ]
N

n n n
ij j ij j j

i j

F x F x e F Fθφ φ
= =

= − + ⋅ +∑∑  

               (18) 
 
Eq. (13) is a second-order linear non-homogeneous 

differential equations with time-varying coefficients. 
These equations are solved using the Newmark im-
plicit integral algorithm [24] with β=1/4 in this study. 

A computer code for the coupled train-bridge sys-
tem is developed based on the formulations in this 
investigation and is used to perform a case study as 
follows. 

 
3. Case study 

3.1 Bridge and train parameters 

The case study concerns an elevated subway bridge 
and a LIM train. As shown in Fig. 7, the bridge 
consists of three 29.9 m span simply-supported 
concrete box girders with two 10m high piers, carry-
ing two LIM tracks on the bridge deck. The girder has 
a trapezium section with a total height of 1.7 m, top 
width of 9.3 m and a bottom width of 3.99 m. The 
secondary load used in the calculation is 76.0 kN/m.  

The LIM train consists of four LIM vehicles and 
each vehicle has two identical bogies supported by 
two identical wheelsets. The design train speed is 
70km/h, and the train speeds used in calculation are 
50~90km/h. The dimension of the LIM motor is 
240cm×36cm, the design magnetic gap is 10 mm, and 
the design electromagnetic force is 31.96 kN. The 
average static axle loads are 74.95 kN (tare) and 
109.38 kN (crush). The main parameters of the vehi-
cle in study are listed in Table 1. 

29.929.929.9

y
x

z  
(a) Elevation of the bridge 

 

 
(b) Cross section of girder 

 

 
(c) Cross section of pier 

 
Fig. 7. Dimensions of the bridge. 

 
3.2 Track irregularities 

As noted, track irregularity plays an important role 
in the dynamic analysis of the train-track interactive 
system, which is the main excitation that induces the 
train-bridge system to vibrate. It is also a control fac-
tor to influence the running safety and stability of 
vehicles, and a main cause of structural damage and 
faults of the track components.  

To obtain the track irregularity, a measurement was 
carried out by the authors on the irregularity of tracks 
on the elevated bridge on Beijing Metro Line 5. The 
statistical standard variation of the track irregularities 
and the power spectrum were calculated by the fol-
lowing formulas [25]: 

 

( ) 22 2 2

0

1 d
x

x x
Xη η η ησ η µ ϕ µ⎡ ⎤= − = −⎢ ⎥⎣ ⎦∫       (19) 

( ) ( )2

0

1 1lim lim , , d
X

f X
S f x f f x

f Xη η
∆ →∞ →∞

⎡ ⎤
⎢ ⎥= ∆⎢ ⎥∆ ⎢ ⎥⎣ ⎦∫   

 (20) 
 
where ( )xη is the profile, ηµ is the mean, X is the 
total sampling length, f is the space frequency, and ∆f  
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Table 1. Main parameters of vehicle used in the case study. 
 

Parameter Value 

Full length of a coach L (m) 18.37 
Distance between two bogies 2s (m) 11.14 
Distance between two wheelsets 2d (m) 2.0 
Mass of car body Mc (t) 33.45 
Roll mass moment of car body  Jcθ (t-m2) 35.0 
Pitch mass moment of car body  Jcϕ (t-m2) 150.0 
Yaw mass moment of car body Jcψ (t-m2) 145.0 
Mass of bogie Mt (t) 2.85 
Roll mass moment of bogie Jtθ (t-m2) 0.7 
Pitch mass moment of bogie  Jtϕ (t-m2) 0.6 
Yaw mass moment of bogie Jtψ (t-m2) 0.8 
Mass of wheelset mw (t) 1.15 
Roll mass moment of wheelset Jw (t-m2) 1.12 

Primary vertical spring stiffness 1
vk  (kN/m) 2000 

Primary lateral spring stiffness 1
hk (kN/m) 14000 

Secondary vertical spring stiffness 2
vk (kN/m) 300 

Secondary lateral spring stiffness 2
hk (kN/m) 250 

Primary vertical dashpot 1
vc  (kNs/m) 100 

Primary lateral dashpot 1
hc  (kNs/m) 700 

Secondary vertical dashpot 2
vc  (kNs/m)) 30 

Secondary lateral dashpot 2
hc  (kNs/m) 25 

Distance h1(m) 0.64 
Distance h2 (m) 0.46 
Distance h3 (m) 0.085 
Distance h4 (m) 1.125 
Distance 2a (m) 1.15 
Distance 2b (m) 1.56 
Distance 2B (m) 1.435 
Distance e (m) 2.05 

 
is the frequency interval of track irregularity. Fig. 8 
shows the power spectra of the lateral and vertical rail 
irregularities, by which the track irregularity series are 
numerically generated using the method given in [17, 
25]. 

 
3.3 Results 

The ANSYS software was used in establishing the 
finite element model of the bridge, with the girders 
and piers being discretized by using beam elements, 
and the secondary loads of the bridge distributed on 
the girders as a supplementary mass. The natural vi-
bration properties of the bridge were analyzed and 
there are altogether 40 frequencies and mode shapes  
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Fig. 8. Power spectra of measured track irregularities. 
 
obtained for such a three-span bridge, and were in-
cluded in the calculation. The first lateral and vertical 
frequencies of the girders are 3.05 Hz and 3.16 Hz, 
respectively. 

The damping ratio of the bridge structure is as-
sumed to be 2%, and was used in Eq. (6) as the 
Rayleigh damping. The integration time step is taken 
as 0.001s. 

 
3.3.1 Variation of electromagnetic forces 
As indicated in Eq. (1), the electromagnetic force is 

governed by the magnetic gap. The calculated time-
history of the magnetic gap generated by the linear 
motor on the first bogie is shown in Fig. 9, when the 
train has a constant speed of 70 km/h. It can be seen 
that a train running on the bridge induces a larger 
variation of the magnetic gap than when it runs on the 
ground track. 
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Fig. 9. Time-history of magnetic gap generated by the first 
motor. 
 
 

3.3.2 Responses of an elevated bridge 
Time histories of the lateral and vertical displace-

ment and acceleration responses of the bridge girder 
at its mid-span, when the train on the bridge has a 
speed of 70 km/h, are shown in Figs. 10 and 11, re-
spectively. It can be seen that the vertical dynamic 
displacement response is similar to the static influ-
ence line under running trains, and that the maximum 
response is 4.11 mm. This shows that the vertical 
deflection of the bridge under the train is mainly in-
duced by the gravity loading of the moving train ve-
hicles. Compared with the vertical responses, the 
lateral displacements of the bridge are quite small 
with a maximum of 0.042 mm, and include more high 
frequency components. The lateral acceleration of the 
bridge is smaller than that of the vertical one, but with 
higher frequencies. 

Variations of the distributions of the maximum 
bridge mid-span responses with the train speed are 
shown in Figs. 12 and 13, respectively. The results 
show that within the train speed range of 50~90 km/h, 
the maximum lateral displacement and accelerations 
of the bridge increase with the train speed, while the 
vertical responses reach their crest values at the train 
speed of 70km/h. This is because the speed of 70km/h 
is very close to the resonant train speed for a simply-
supported girder estimated by Eq. (20) [17, 25]. 
 

b v
br

3.6 ( 1,2,3 ; 1,2,3 )
nf dV n i

i
⋅ ⋅= = =   (20) 

 
where: Vbr is the resonance train speed of the bridge 
(km/h); b

nf  is the nth vertical natural frequency of 
the bridge (Hz); dv is the load interval (m). Since the 
first natural frequency of the girder is 1

bf =3.16 Hz, 
and the full length of the vehicle dv=18.37 m, when 
i=3, the resonance train speed can be obtained as Vbr 
=69.66 km/h. 
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Fig. 10. Mid-span displacement histories of girder. 
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Fig. 11. Mid-span acceleration histories of girder. 
 

It can also be seen from Figs. 12 and 13 that both 
the vertical deflections and accelerations induced by a 
crush loaded train (AW2) are greater than those in-
duced by tare loaded trains (AW0), while the differ-
ences for the lateral responses are quite small. 

Listed in Table 2 are the maximum responses of 
the bridge under the train speed range of 50~90 km/h, 
and the corresponding allowances given by the Chi-
nese Railway Code.  
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Fig. 12. Maximum bridge displacements vs train speed. 
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Fig. 13. Maximum bridge accelerations vs train speed. 

 
 
It can be seen that the maximum deflection of the 

girder is 4.11 mm, occurring at the train speed of 70 
km/h, and the corresponding deflection-to-span ratio 
is about 1/7300.  

Table 2. Maximum responses of bridge girder. 
 

Vehicle load 

Bridge response Allowance AW2 
(Crush 
load) 

AW0 
(Tare 
load) 

Vertical 15.0 4.11 2.69 Displacement 
(mm) Lateral 0.15 0.04 0.039

Vertical 500 33.69 26.98Acceleration 
(cm/s2) Lateral -- 10.42 10.42

 

-24
-16
-8
0
8

16
24

0 1 2 3 4 5 6 7 8 9 10
Time (s)

A
cc

el
.(g

al
)

 
(a) Lateral 

 

-40

-20

0

20

40

0 1 2 3 4 5 6 7 8 9 10
Time (s)

A
cc

el
. (

ga
l)

 
(b) Vertical 

 
Fig. 14. Acceleration time histories of car-body. 
 

When the LIM train runs on the bridge, all the dy-
namic responses of the bridge are much smaller than 
the allowable values given in the Chinese Code. 

 
3.3.3 Responses of LIM vehicle 
Time histories of the accelerations of the vehicle 

car-body when the train runs on the bridge at a speed 
of 70 km/h are shown in Fig. 14.  

It can be found from Fig. 14 that the vertical accel-
eration of the vehicle is only slightly larger than the 
lateral response, but the pattern of the vertical accel-
eration time histories are different from that of the 
lateral response to some extent. The maximum accel-
eration responses in both directions are well below 
the allowable accelerations related to human comfort. 
It is also found that the lateral and vertical responses 
of the car body as the vehicle runs on the bridge are 
similar to those when the vehicle runs on the ground. 
This indicates that the motion of the bridge does not 
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strongly affect the human comfort within the vehicles. 
As a result, the track irregularities dominate the re-
sponses of the car body and these responses seem to 
be random. 

There are two important parameters that should be 
considered for the evaluation of the safety of the train 
vehicles: the derailment factor Q/P and the offloading 
factor ∆P/P.  

Fig. 15 shows the time histories of these two re-
sponses of a vehicle as the train runs on the bridge, 
while Figs. 16-17 show variations of the distributions 
of the maximum vehicle responses with the train 
speed, respectively. 

The results show that the dynamic responses of the 
train vehicles are influenced by the train speed. 
Within the train speed range of 50~90 km/h, the 
maximum vertical and lateral car-body accelerations, 
the derailment factor and the offload factor of the 
vehicle increase with the train speed. The derailment 
factors and offload factors of the vehicle under tare 
loads are noticeably greater than those under crush 
loads, but the differences between the vehicle car-
body accelerations are small. This indicates that for 
the running safety and stability, the tare train is more 
unfavorable than the crush one. 

Table 3 lists the maximum responses of the train 
vehicles under the train speed range of 50~90 km/h, 
and the corresponding allowances given by the Chi-
nese Railway Code.  

 

-0.06
-0.04
-0.02

0
0.02
0.04
0.06

0 1 2 3 4 5 6 7 8 9 10

Time (s)

Q
/P

 
(a) Derailment factor 

-0.3
-0.2
-0.1

0
0.1
0.2

0 1 2 3 4 5 6 7 8 9 10

Time (s)

∆P
/P

  
(b) Offload factor 

 
Fig. 15. Dynamic response histories of vehicle wheel. 

10

15

20

25

30

50 60 70 80 90

Train speed (km/h)

La
te

ra
l a

cc
el

. (
ga

l) AW2

AW0

 
(a) Lateral 

 

16

20

24

28

32

36

50 60 70 80 90

Train speed (km/h)
V

er
tic

al
 a

cc
el

. (
ga

l) AW2

AW0

 
(b) Vertical 

 
Fig. 16. Maximum car-body accelerations vs train speed. 
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Fig. 17. Maximum vehicle safety indices vs train speed. 
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Table 3. Maximum responses of vehicles. 
 

Vehicle load 
Vehicle response Allowance AW2  

(Crush load)
AW0 

(Tare load)
Vertical 200 35.78 34.78 Car-body  

acceleration 
(cm/s2) Lateral 150 27.56 28.25 

Derailment factor Q/P 0.80 0.092 0.130 

Offload factor ∆P/P 0.60 0.280 0.409 

 
It can be seen that when the train runs on the bridge, 

the dynamic responses of LIM vehicles can satisfy the 
running safety and stability requirements. Due to the 
existence of the attractive electromagnetic force, the 
derailment factors of LIM vehicle are much smaller 
than those of the conventional train vehicles, showing 
very good running properties. 

 
4. Conclusions 

A framework for performing dynamic analysis of a 
coupled train and bridge in a LIM system has been 
established and applied to an elevated bridge as a case 
study. The full time histories of the dynamic re-
sponses for the bridge and LIM train traversing the 
bridge have been computed. The dynamic responses 
of the bridge such in terms of the mid-span displace-
ments and accelerations, and those of the train vehi-
cles such as car-body accelerations, derailment factors 
and offload factors have been obtained. The results 
show that the dynamic responses of the elevated 
bridge and the LIM train vehicles are excellent, which 
shows that the LIM system possesses attractive pros-
pects for development in this regard. 

The proposed method may help to find a way to as-
sess the dynamic behavior of the elevated bridge and 
the linear metro vehicles in the time domain with 
reasonable computational effort. 
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